Abstract In [1], we constructed physically stable sp2 negatively curved cubic carbon structures which reticulate a Schwarz P-like surface. The method for constructing such crystal structures is based on the notion of the standard realization of abstract crystal lattices. In this paper, we expound on the mathematical method to construct such crystal structures.
Introduction
In the last few decades, there have been many studies about carbon allotropes. In this paper, we mainly study their geometric structures. For example, it is considered that C60, graphene sheets, and single wall carbon nanotubes (SWNTs) span 2-dimensional surfaces in R 3 . In particular, they span the sphere S 2 , the plane R 2 and cylinders, respectively. Since the Gauss curvature of S 2 is positive and that of R 2 and cylinder is zero, C60 spans a positively curved surface and both of graphene sheets and SWNTs span flat surfaces.
It is natural to ask whether there is an sp2 carbon allotrope which spans a negatively curved surface. Mackay-Terrones [2] first constructed such an sp2 carbon crystal structure. In this paper, we call this "Mackay-Terrones C192". The structure can be placed on the Schwarz P-surface, which is a well-known triply periodic minimal surface. Since minimal surfaces have negative Gauss curvature, we may consider Mackay-Terrones C192 to be a negatively curved "discrete surface". Following Mackay-Terrones' work, there have been many examples of carbon crystal structures which can be considered to be triply periodic sp2 negatively curved discrete surfaces (cf. [3] [4] [5] [6] [7] [8] [9] ). In [1] , we also constructed such examples, and the main features of our method were mathematical and systematic. To construct such structures, we used the notion of the standard realization of topological crystal (cf. [10, 11] ).
In this paper, first, in Section 2, we summarize the combinatorial structures of sp2 carbon allotropes and define the notion of "discrete surfaces" and their "total discrete curvature" . In Section 3, we expound the notion of topological crystals and their standard realizations. After that, in Section 4, we discuss how to construct such structures by using the standard realization of topological crystals.
The main purpose of this paper is to construct physically stable negatively curved sp2 carbon structures. In particular, we only consider structures that can be placed on a surface whose symmetry is the same as the Schwarz P-surface. We note that when we discuss the mathematical structure of sp2 "carbon" networks, atomic species do not effect the construction of such structures except for searching for physically stable structures by using first principle calculations.
Minimal surfaces and schwarzites
Minimal surfaces in R 3 are examples of surfaces with negative curvature. Moreover, there are many examples of triply periodic minimal surfaces. One well-known example is the Schwarz P-surface [12] [13] [14] [15] (cf. Figure 1(a) ), which has following properties:
1. It is a triply periodic minimal surface, whose fundamental domain is cubic, 2. It is parameterized by a conformal map from a Riemann surface with genus 3, 3. It has the same symmetry the pcu net. In other words, its space group is Pm3m.
We remark that Schwarz D-and G-surfaces also satisfy properties 1 and 2, and the following discussion may apply to D-and G-surfaces. However, for simplicity, we only discuss the Schwarz P-surface by assuming property 3. Here, cubic means that the period lattice is orthogonal, that is to say, the gram matrix of the period lattice is proportional to the identity matrix. In [2] , Mackay-Terrones construct a carbon crystal structure which is placed on the Schwarz P-surface (cf. Figure 1(b) ). Since the structure is placed on a triply periodic minimal surface and it is a crystal structure, hence, it can be considered to be an example of a "negatively curved carbon crystal". Here, we note that structures which are placed on a triply periodic minimal surface are called schwarzites, whereas structures which are placed on a positively curved surface are called fullerenes. More precisely, a schwarzite is a trivalent network (an sp2 structure) that reticulates a triply periodic hyperbolic surface. As we mention in Remark 2.3, such a structure contains rings larger than hexagons. Later, in [5] , Lenosky et al. also constructed similar structures. There are many works constructing schwarzites (cf. [3, 4, 6, 7, [16] [17] [18] [19] [20] ).
On the other hand, locally finite graphs are suitable mathematical objects to consider as molecular/crystal structures. We consider not only merely abstract graph structures but also realizations of graphs. As mentioned in the Introduction, since we will study surfaces which are spanned by molecular/crystal structures, we consider polyhedra constructed by realizations of graphs, and call them "discrete surfaces".
Definition 2.1 ( [11, Section 7.1] ). Let X = (V, E) be a locally finite graph. A map
From this section, a realization X of a locally finite graph denotes a molecular/crystal structure, and we only consider 3-dimensional ones. Moreover, if the structure is periodic with period lattice Γ , we write X/Γ as X if there is no confusion. Hence, we only consider only realizations of a finite graphs to study molecular/crystal structures. Now we define the notion of "discrete surfaces". Let X be a realization of a finite graph. Moreover, we assume each simple closed path of X spans a surfaces which does not self-intersect. Since such a realization is considered to be a polyhedron, we call X a discrete surface. In particular, if the underlying finite graph of X is of degree 3, we call X a discrete surface of degree 3. Now, we consider C60, SWNTs and sp2 schwarzites. Expressing them by realizations of graphs, each underlying graph of X is of degree 3 (trivalent), since we consider only sp2 structures.
Let V (X), E(X) and F(X) be the numbers of vertices, edges and faces in a discrete surface X. By considering X as a CW complex, we may define the genus g(X) of X as g(X) = dim H 1 (X, Z). Then, by Euler's theorem (Euler-Poincaré theorem),
For a smooth surface M, by the Gauss-Bonnet Theorem, 2π(2 − 2g) = K(M), where K(M) is the total curvature of M. Therefore, we define the total discrete curvature
Here, we only consider the signature of K(X), and we say that X is totally negatively curved if and only if K(X) < 0. Hence, we can call a carbon structure negatively curved if the realization X of the graph of the structure is negatively curved.
Example 2.2. C60 is totally positively curved, and the total discrete curvatures of SWNTs and graphene sheets are zero. Mackay-Terrones C192 is totally negatively curved (cf. Table 1 ).
Remark 2.3. For a discrete surface X of degree 3, we obtain
where N k is the number of k-gon. By using Euler theorem, we, therefore, obtain
If X satisfies K(X) < 0, equality (3) implies that X contains at least one k-gon (k ≥ 7). 
Topological crystals and their standard realizations
Scientists use space groups (crystallographic groups) to describe structures of crystals. A space group represents the symmetry of atoms in the crystal, but it does not describe bonds of atoms. The notion of a crystal lattice or a topological crystal, which was introduced by Kotani-Sunada [10] , represents placements of atoms and their bonds in a crystal. The definition of topological crystals is as follows:
. A locally finite graph X = (V, E) is called a topological crystal or a crystal lattice if and only if there exists a finite graph X 0 = (V 0 , E 0 ) and a regular covering map π : X −→ X 0 such that the covering transformation group Γ of π is abelian. Moreover, if the rank of
A topological crystal X = (V, E) is an abstract structure of a crystal, that is to say, each vertex of X represents an atom of a crystal, and if v 1 and v 2 ∈ V are connected by an edge (v 1 , v 2 ) ∈ E, then atoms v 1 and v 2 are bonded. However, the coordinates of vertices are not defined. To determine, the coordinates of vertices, we define a realization of X.
is called a realization of X. Moreover, if there exists an injective homomorphism
Since physical crystals have periodic structures, it is natural to consider only periodic realizations. Figure 2 shown examples of realizations of the same crystal lattice. As show in Figure 2 , we would like to select good ones among all realizations of a given crystal lattice. To do this, we define the energy functional with respect to realizations of a given crystal lattice.
Definition 3.3 ([11, Section 7.3] ).
The energy of a realization Φ of a crystal lattice X is defined by
where X 0 is the fundamental graph of X. Moreover, Φ is called a harmonic realization if Φ is a critical point of E. It is easy to show that Φ is harmonic if and only if Φ satisfies
for all v ∈ X 0 . Note that 1) the left-hand side of (4) is the discrete Laplacian of (Φ(V 0 ), E 0 ); 2) Φ is harmonic if and only if all vertices of Φ(X) satisfy mechanical equilibrium; 3) structures in Figure 2 (b) and Figure 2 (c) are harmonic. However, we consider the structure in Figure 2 (c) as the most symmetric object among all realizations of X. To select the most symmetric object by using the variational method, we also consider variations with respect to lattices Γ . [22] ). The notion of equilibrium placements corresponds to the notion of harmonic realizations. Moreover, Delgado-Friedrichs also proved that, for any dperiodic graph X, there exists a unique equilibrium placement Φ such that, for every γ ∈ Γ ⊂ Aut(X), an isometry γ * : R d → R d associated to γ with respect to Φ exists ( [21, Theorem 11] ). This equilibrium placement corresponds to the standard realization.
Example 3.7. For the hexagonal lattice (Figure 2 ), all lattice Γ are parameterized by the angle θ between period vectors. The energy of all harmonic realizations attains its minimum at θ = π/3, which implies that the standard realization of the hexagonal lattice is Figure 2 (c).
Example 3.8. There is a general method of calculating the standard realization of a given topological crystal (cf. [11, 23] ). The diamond crystal is obtained by this procedure from the fundamental graph in Figure 3 (a). The srs network, which has a deep relationship with the Gyroid surface, is also obtained by this method. Moreover, Sunada [24] shows that the only networks which satisfy the "strongly isotropic property" are diamond (dia) and srs. For the relation of the srs network and the Gyroid surface, see [25, 26] . For the definition of the strongly isotropic property, see [24, p.212] , and for the explicit figure of K 4 , see [23] , [26, Figure 5 ]. Here, we note that we show physical meta-stability of carbon K 4 structure in [27] .
The most important property of the standard realization is as follows: Theorem 3.9 implies that the standard realization is the most symmetric among all realizations. 4 Construction of negatively curved carbon crystals
Our main aim is to construct examples of physically stable sp2 negatively curved carbon structures. In particular, we construct such structures with the same symmetry as pcu. For the 3-net pcu, see Delgado-Friedrichs et al. [28] and Hyde et al. [26] .
In the following, we abbreviate the symmetry as cubic symmetry. In this section, we use the word network, which means a realization of graphs.
Construction of topological crystals
To construct network (graph) structures with cubic symmetry, first we construct them in the hexagonal region, then extend to the fundamental region (unit cell) of crystals (see Figure 1 (a) and Figure 4(a) ). Since the hexagonal region has reflective symmetry of order 3, we only consider networks with such symmetry. We call the fundamental region of such symmetry the kite-region (see Figure 4(b) ). Using the orbifold notation, the kite-region is the * 2223 orbifold, and the hexagonal region is the * 222222 orbifold in H 2 . For the orbifold notation, see [29, 30] As the first step to construct such networks, we construct networks in the kiteregion satisfying the following properties:
1. Any inner vertex is of degree 3, 2. Any vertex on the boundary is joined with the two neighbouring vertices on the boundary, or with an inner vertex and not with both neighbouring vertices on the boundary, 3. A network is planar and connected, and there are at least four vertices on the boundary, 4. A network does not have a consecutive sequence of odd vertices on the boundary, 5. A network is triangle-free.
Condition 1 corresponds to consideration of sp2 crystals. By conditions 2, 3 and 4. we may extend the network to the hexagonal region. Condition 5 implies avoiding 3-rings in structures. It is easy to prove that networks with the above conditions must have an even number of vertices. Networks with 6 and 8 vertices in the kite-region are classified in [1, Figure 2 ]. Since the kite-region is homeomorphic to the disk, we may construct such networks in the disk region. The second step is to extend networks in the kite-region to the hexagonal region by reflections. In this step, if there exist degree 2 vertices on reflection boundaries, we delete them. By these procedures, we may construct a network in the hexagonal region.
Finally, by extending the network in the hexagonal region to the fundamental region by parallel transformations, we obtain a required network. We note that the above properties are not sufficient conditions to obtain trivalent networks which reticulate a Schwarz P-like surface. Constructing networks in the hexagonal region, and patching them in a suitable manner, we may obtain networks on D-and/or Glike surface. However, as the aim of this note is to construct examples of networks on a P-like surface, we consider the hexagonal region as a hexagonal face of the trucated octahedron, then we obtain a required trivalent network by extending in the above manner.
Construction of standard realizations
Let X 0 = (V 0 , E 0 ) be a network constructed as in Section 4.1. Since X 0 has cubic symmetry, we may extend X 0 to a 3-dimensional toplogical crystal X = (V, E). Our purpose in this section is to construct the standard realization of X, and to prove that the realization has cubic symmetry. That is to say, translation vectors of the standard realization are orthogonal.
First we let Φ : X −→ R 3 be a realization with Γ = X/X 0 , and {e x , e y , e z } be the basis of R 3 with det(e x e y e z ) = 1. By using this realization, we may find coordinates of vertices x i = Φ(v i ) ∈ R 3 for v i ∈ V . To calculate standard realizations, we should define the energy of realizations. If v i ∈ V 0 , then edges (v i , v j ) satisfy either v j ∈ V 0 , v j ∈ V 0 + e α or v j ∈ V 0 − e α for some α ∈ {x, y, z}, hence, we write that (v i , v j ) is in either E 0 , E (0,+) or E (0,−) . Under this notation, the energy of Φ may be written as
Since the standard realization is the critical point of E with variations with respect to variables {x i } and {e α } subject to det(e x e y e z ) = 1, then to obtain the standard realization, using Lagrangian multiplier, we must solve the following equations:
and ∂ ∂ e α (E − λ det(e)) = 0.
Proposition 4.1 ([1, Theorem 2 of Supplementary materials] ).
The linear system (6) is solvable.
Proof. The left hand side of equation (6) is
where {v j 1 , v j 2 , v j 3 } are vertices adjacent to v j , and b = (b i ) is defined by
That is to say, the equation (6) is written as
where ∆ G = A − 3I is the discrete Laplacian of G = X/Γ , and A is the adjacency matrix of G. Since the discrete Laplacian of a connected graph has only a 1-dimensional kernel, and the kernel is spanned by (1, . . . , 1). Since ∑ b i = 0, we obtain that b is perpendicular to Ker ∆ G . hence, equation (6) is solvable.
Theorem 4.2 ([1, Theorem 3 of Supplementary materials] )
. The gram matrix of the lattice {e x , e y , e z } which gives the solution of (6) and (7) is the identity matrix.
Proof. Let {x i } be the solution of (6) with ∑ x i = 0, and t α be the reflection with respect to the plane with normal vector e α . Moreover, let T be the group generated by {t x ,t y ,t z }. Since the energy E is invariant under the action of T , the solution x satisfies:
Therefore we obtain
Since the action exchanging e x and e y belongs to T , we may obtain K := K x = K y = K z and K = 0. By 2, we obtain Ke α = λ e β × e γ with ε αβ γ = ε xyz . Hence, we obtain that K e α , e β = λ δ αβ .
Remark 4.3. Theorem 4.2 is also obtained from Theorem 3.9. By Theorem 3.9, the standard realization has maximal symmetry, and the symmetry of the realized crystal must be same as that of the topological crystal. Since the topological crystal, which we are considering, is invariant under triply periodicity and cubic group action, therefore, such actions extend to actions M(d), Hence, the gram matrix of {e α } should be proportional to the identity matrix.
Construction of stable configurations
By using Theorem 4.2, we obtain candidates for negatively curved cubic crystals. However, distances of neighbouring atoms in such structures are not almost the same. By physico-chemical considerations, the distances should be almost the same for physically stable configurations. To find stable configurations with respect to binding energies, we perturb coordinates of atoms, then find stable ones, which we call relaxed configuration, by using first principle calculations. For this purpose, setting the standard realization as the initial configuration, perturbing positions of atoms, and calculating binding energies of carbon structures, we obtain stable configurations. By using the above method, we search for physically stable configuration, and we obtain negatively curved cubic sp2 carbon crystals as examples of schwarzites which reticulate a Schwarz P-like surface.
Result 4.4. We obtain four physically stable structures: 6-1-1-P (C176), 6-1-2-P (C152), 6-1-3-P (C152) and 8-4-2-P (C168). Relaxed configurations of them are physically stable. Moreover, 6-1-1-P (C176), 6-1-2-P (C152), 6-1-3-P (C152) are metal and 8-4-2-P (C168) is a semi-conductor.
Our structures are illustrated in Figure 6 , and Table 2 lists their basic properties. For their energy bands and phonon spectrum of them, see [1, .
Remark 4.5. To calculate relaxed configuration, the only information we use is the coordinates of carbon atoms. In Figure 6 (d), we draw edges between an atom and the nearest three atoms. As a result, each relaxed configuration has the same topological structure as the original standard realization.
Hence, our method to obtain cubic schwarzites is effective.
Remark 4.6. In [31] , Ramsden-Robins-Hyde discuss 3-dimensional Euclidean nets (3-net) . Our examples are also 3-nets, and there are many examples which reticulate such surfaces. However, we construct, in particular, physically stable sp2 (trivalent) examples.
Remark 4.7. We note that the structure 6-1-2-P (C152) is almost the same as with C152 in Park et al. [32] . Table 2 Number of k-gon N k of our structures. Each structure lies on a negatively curved surface, and has g = 3. Hence, all of these structures are negatively curved. Obviously, each structure satisfies (3) for g = 3.
schwarzites 
Further problems
Finally, we note further problems about negatively curved carbon structures. In addition to the Schwarz P-surface, there are well-known triply periodic minimal surfaces, namely, the Schwarz D-surface and G-surface (gyroid surface), and there are many studies about sp2 carbon schwarzites related to D-and G-surfaces, for example [3, 5, 25, 33, 34] . In this paper, we discuss trivalent networks, which reticulate the P-surface, and construct examples of physically stable carbon sp2 structures. Now, we are interested in the following problem: Whether we can construct examples of physically stable carbon sp2 structures which reticulate D-or G-surfaces using our method? For example, calculate the physical stability of the carbon sp2 structures that is constructed from 6-1-1, 6-1-2, 6-1-3 or 8-4-2 and reticulates the D-or G-surface.
In this note, we claim that a discrete surface is negatively curved, if and only if the total discrete curvature is negative. In other words, a discrete surface is negatively curved if the structure is placed on a surface with negative curvature. The first definition is not a point-wise characterization of negativity, and the last one is not rigorous. On the other hand, there are definitions of curvature for general discrete surfaces. For examples, [35] [36] [37] . One well-known definition of curvature is
where
j=0 are the neighbours of x (see [14, 37] ). However, since the structures that we consider are trivalent and they are standard realizations, each vertex and its neighbours are co-planer, therefore K(x) ≡ 0 when calculated by (10) . Definitions of curvature in [35, 36] assume meshed surfaces. Hence, these definitions do not apply to trivalent standard realizations of discrete surfaces. We should consider how to define the curvature of trivalent standard realizations of discrete surfaces.
Appendix: Indexes of single wall nanotubes
We summarize the geometric structure of single wall nanotubes (SWNTs). Mathematically, a SWNT is considered as the fundamental region of the Z-action on the standard realization of the hexagonal lattice. In the followings, we explain the geometric structures of SWNTs.
First, we define
is the fundamental region of the hexagonal lattice, and {a 1 , a 2 } is the basis of the parallel transformations (see Figure 7) . Here, the angle between a 1 and a 2 is π/3. By using the basis, we may write all vertices v of the hexagonal lattice as 2c 2 , 2c 1 + c 2 ) , is called the lattice vector of the SWNT with chiral index c = (c 1 , c 2 ) (see Figure 7) .
The chiral vector indicates the direction of the circle of the SWNT, and is the period vector of the Z-action on the hexagonal lattice. The chiral vector is orthogonal to the lattice vector, and the lattice vector is the minimum period of the hexagonal lattice along the tube axis of the SWNT. The circumference L(c) of the SWNT is derived from the chiral index by L(c) = |c| = 3(c 2 1 + c 2 2 + c 1 c 2 ). The electronic properties of single wall carbon nanotubes depends on the chiral index (see [38] ).
Next, let us consider finite length single wall nanotubes. More precisely, consider a finite length SWNT, which terminates at the vertices (atoms) with x 0 = 0 and x 1 = α 1 a 1 + α 2 a 2 , and characterize the length of this SWNT by α 1 and α 2 . In the followings, SWNT(c, α 1 a 1 + α 2 a 2 ) denotes the SWNT which is terminated by 0 and α 1 a 1 + α 2 a 2 and whose chiral vector is c. It is easy to show that the length of SWNT(c, x) is | x, e t |, where e t = t/|t|. In [39] , we define the length index The length index corresponds to how many hexagons are arranged in the direction of the tube axis. Now, we consider SWNT(c, t), which has the canonical length for the given chiral index c. By using the definition of t, we obtain the length index (c, t) of SWNT(c, t) as Finally, we calculate the number of hexagons in the fundamental region of SWNT(c, t), which is the fundamental region of action generated by the lattice {c, t}. Since all hexagons in the lattice are congruent and their volume are 3 √ 3/2, the fundamental region contains F hexagons, where
Combining (2) and (11), we obtain the number of vertices V , of edges E, and of faces F in Table 1 . 
